By using the mountain pass lemma, we study the existence of positive solutions for the equation −∆u(x) = λ(u|u| + u)(x) for x ∈ Ω together with Dirichlet boundary conditions and show that for every λ < λ 1 , where λ 1 is the first eigenvalue of −∆u = λu in Ω with the Dirichlet boundary conditions, the equation has a positive solution while no positive solution exists for λ ≥ λ 1 .
Introduction
Consider the boundary value problem −∆u(x) = λ u|u| + u (x), x ∈ Ω, u(x) = 0, x ∈ ∂Ω, (1.1) where Ω is a bounded region with smooth boundary in R N , λ > 0 is a real parameter, and ∆ is the Laplacian operator. The study of (1.1) is motivated by the fact that the equation has wide applications to physical models (see [4] and the references therein), our analysis is based on a method used by Rabinowitz [6] and also by Alama and Del Pino [2] .
It is well known that steady-state solutions of 
(see, e.g., [1] or [5] ). Henceforth, we will assume that, unless otherwise stated, integrals are over Ω. When J is bounded below on X, J has a minimizer on X which is a critical point of J. In many problems such as (1.1), J is not bounded below on X, however, in such cases, we may be able to use mountain pass lemma. The mountain pass lemma was introduced by Ambrosetti and Rabinowitz in 1973.
Lemma 1.1 (mountain pass lemma [3] ). Let E be a Banach space over R. Let B r = {u ∈ E : u < r} and S r = ∂B r ; B 1 and S 1 will be denoted by B and S, respectively. Let I ∈ C 1 (E,R). 
is a critical value of I with 0 < α ≤ b < +∞.
Main results
The corresponding Euler functional for (1.1) is given by
First, we claim that J λ (u) has neither a global minimum nor a global maximum. In fact, we can choose a sequence {u n } satisfying |u n | 3 dx = 1 and
is not bounded from above. On the other hand, for fixed u = 0, we have
as t → +∞. Hence, J λ (u) is not bounded from below, so we have provedthe following.
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Theorem 2.1. J λ (u) is neither bounded from above nor bounded from below.
We now show that the mountain pass lemma can be applied in this case. 
(I2) For given fixed u > 0 in X, we consider the map t → J λ (tu). Since λ < λ 1 , using the Poincaré inequality, we have
which is negative if t is large enough and is positive for sufficiently small t. Thus by continuity, there exists t 0 > 0 such that J λ (t 0 u) = 0, and so J λ (u) satisfies (I2). (I3) We take a sequence {u n } ⊂ X satisfying J λ (u n ) < M (M is a positive constant) and
for n > N and v ∈ X. Setting v = u n , we have
that is,
2008 Existence of positive solutions for n > N. Also we have
and since λ < λ 1 , it follows that {u n } is bounded in X. Hence, there exists a subsequence, again denoted by {u n }, satisfying u n u 0 weakly in X and strongly in L 2 (Ω) and L 3 (Ω).
Since J λ (u n ) → 0, we have
and so |∇u n | 2 dx → |∇u 0 | 2 dx. This, together with the weak convergence of {u n }, implies that {u n } is convergent strongly in X. Hence, J λ (u) satisfies the condition (I3). Therefore, by the mountain pass lemma, J λ (u) has a nontrivial critical point denoted by u * . Since J λ (u * ) = J λ (|u * |), without loss of generality, we may assume that u * is a nonnegative weak solution of (1.1) and it follows from standard regularity arguments that u * ∈ C 2 (Ω) is a classical solution of (1.1), that is, we have
also it is easy to deduce from the maximum principle that u * > 0 on Ω.
We now show that the problem (1.1) has no positive solution in the case where λ ≥ λ 1 .
Theorem 2.3. The problem (1.1) has no a positive solution when λ ≥ λ 1 .
Proof. Let λ ≥ λ 1 be arbitrary and fixed. On the contrary, we assume that u is a positive solution of (1.1), that is,
Let φ > 0 be the principal eigenfunction corresponding to principal eigenvalue λ 1 , that is,
(2.14)
Multiplying (2.13) by φ, (2.14) by u, and integrating over Ω give, respectively, 
and this is a contradiction as u and φ are positive and λ ≥ λ 1 , and so the problem (1.1) has no positive solution when λ ≥ λ 1 .
We now will show that when λ is sufficiently small, then the positive solution u of (1.1) corresponding to λ is very large. Proof. Since u is the positive solution of (1.1) corresponding to λ, we have It is easy to see that u is a positive solution of (1. 
